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C^ Abstract. In the paper we define periodic wave functions for a (discrete) Schrodinger 

^~~^ operator on a Cayley tree. This periodicity depends on a subgroup of a group repre- 

^^ sentation of the Cayley tree. For any subgroup of finite index we give a criterion for 

^^ eigenvalues of the Schrodinger operator under which there are periodic wave functions. 

5h For a normal subgroup of infinite index we describe a class of periodic wave functions. 

Oh 

< 

^H Mathematics Subject Classifications (2010). 82B26. 

^~~^ Key ■words. Cayley tree, Anderson model, Schrodinger equation, periodic wave 

,—1 function. 

P-i 1. Introduction 

"^ The topics of statistical mechanics on non-amenable graphs is growing (see for exam- 

^ pie, UlJ)- One of the non-amenable graph is a Cayley tree. The Cayley tree is not a 

Ch realistic lattice, however, its amazing topology makes the exact calculation of various 



OO 



^ 



quantities possible 11 . It is believed that several among its interesting thermal proper- 
ties could persist for regular lattices, for which the exact calculation is far intractable. 

The spectral properties of Schrodenger operators on graphs have many applications 
in physics and they have been intensively studied since late 1990s. We shall consider 
^\) Schrodinger operators which correspond to the Anderson model on a Cayley tree. In 

C^ M Klein proved the existence of purely absolutely continuous spectrum, under weak 

t:]- disorder, on the Cayley tree. A new proof of a version of Kleins theorem is given in [2]. 

^^ The paper [7j reviews the main aspects and problems in the Anderson model on the 

^ ; Cayley tree. It shows how the question as to whether wave functions are extended or 

• • localized is related to the existence of complex solutions of a certain nonlinear equation. 



. !^ In 10 sufficient conditions for the presence of the absolutely continuous spectrum of a 

/\^ Schrodinger operator on a rooted Cayley tree are given. See [1] for more results on the 

model. In 16] the spectrum of Schrodinger operator on the d-dimensional lattice Z'^ is 
studied. 

In this paper we construct some periodic wave functions for the Schrodinger operators 
which correspond to the Anderson model on a Cayley tree. The paper is organized 
as follows. In Section 2 we give some preliminaries (de&iition of Cayley tree, a group 
representation of a Cayley tree of order A; > 1, its partition with respect to an arbitrary 
subgroup, the model). In Section 3 we define periodic wave functions. This periodicity 
depends on a subgroup of a group representation of the Cayley tree. For any subgroup of 
finite index we give a criterion for eigenvalues of the Schrodinger operator under which 
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Figure 1. Cayley tree of order two, i.e., k = 2. 

there are periodic wave functions. For a normal subgroup of infinite index we describe a 
class of periodic wave functions. 



2. Preliminaries 

Cayley tree. The Cayley tree F of order /c > 1 is an infinite tree, i.e., a graph 
without cycles, such that exactly k + 1 edges originate from each vertex (see Fig. [I]). Let 
F = {V, L) where V is the set of vertices and L the set of edges. Two vertices x and y 
are called nearest neighbors if there exists an edge / G L connecting them. We will use 
the notation / = {x,y). 

Denote S{x) = {y £ V : {x,y)} the set of all neighbors of x. 

A group representation of the Cayley tree. 

Let Gk be a free product of A; + 1 cyclic groups of the second order with generators 
ai, a2, . . . , ttk+i, respectively. Any element x £ Gk has the following form: 

X = Oj^ aj2 . . . Oj^ , where 1 < im < k + 1, m = 1, . . . ,n. 

It is known that there exists a one-to-one correspondence between the set of vertices 
V of the Cayley tree F'^ and the group G^- In Fig. [ijsome elements of G^ are shown. 

In the group Gk, let us consider the left (right) shift transformations defined as follows. 
For go £ Gk, let us set 



Tg{h)=gh, iTgih) = hg), for ah h £ Gk. 
The set of all left (right) shifts in Gk is isomorphic to the group Gk- 



(2.11 
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Normal subgroups of finite index. In this subsection we answer to the fohowing ques- 
tion: Does Gfc have subgroups (in particular, normal subgroups) of any finite index? 
Let Nk = {l,...,k + l}. 
For any 9 ^ A CI Nf^, there exists a subgroup H^ C G^ with the following properties: 

(a) Ha is a normal subgroup with index \Gk '■ Ha\ = 2; 

(b) Ha + Hb for all A ^ 5 C Nk- 

Denote by e the unity element of Gk- Let e 7^ xq G Gk- Then there exists a normal 
finite-index subgroup Hxq, which does not contain the element xq. 
The following hold: 

1. If X is generated by more then one generators, then \Gk '■ Hx\ > 4; 

2. \Gk ■■ Ha^ajl = 6, for any i^ j £ N^. 

3. The group Gk does not have normal subgroups of odd index (7^ 1). 

4. The group Gk has a normal subgroups of arbitrary even index. 

Subgroups of infinite index. There are normal subgroups of infinite index. Some of 
them can be described as follows. Fix M C N^ such that |M| > 1. | • | is the cardinality 
of •. Let the mapping ttm '■ {«i, ...,0^+1} — > {aj, i G M} U {e} be defined by 

Xj, if i e M 



^M[a.) - , „ if i ^ M. 
Denote by Gm the free product of cyclic groups {e, Oj}, i £ M. Consider 

fhdx) = /a/ (ajiaja •••«*„) = '^Miah)TTMiai2)...TTMiai^)- 

Then it is easy to see that fM is a homomorphism and hence Hm = {x G Gk '■ fhiix) = 
e} is a normal subgroup of infinite index. 

Partition structures of the Cayley tree. 

Let Hq C Gk be an arbitrary subgroup of index n of the group Gk- Obviously, each 
subgroup of the group Gk is the kernel of some homomorphism cp of the group Gk into 
some group G* . Introduce the following equivalence relation on the set Gk'- x ~ y if 
xy^^ G Hq. 

Denote by S{x) = {y £ Gk '■ {x,y)} the set of all nearest neighbors of the word 
X £ Gk- Let Gk/Ho = {Hq, Hi, . . . , Hn-i} be the factor-group w.r.t. Hq. In addition, 
let qi{x) = \S{x) nHi\, i = 0, . . . ,n - 1, and Q{x) = {qo{x) , qi{x) , . . . ,qn-i{x)), x G Gk. 

If X ~ y, then qi{x) = qi{y) for i = 0, . . . ,n — 1, thus Q(x) = Q{y). 

Introduce the following notations: qi{HQ) = qi{e) = \{j : Oj £ Hi}\, Q{Hq) = 
(go(i^o), • • . , qn-i{HQ)) and iV(/7o) = \{j ■ '7j(^o) / 0}|. 

For any x G Gk, there exists a permutation tTx of the coordinates of the vector Q{Hq) 
such that 

TTc^QiHo) = Q{x). (2.2) 

Let iV(x) = \{j : qj{x) / 0}|. For any x G Gfc we have N{x) = N{Hq). 

Remark. The group representation was given by Ganikhodjaev p). In [4| the classes 
of finite-index subgroups of the group Gk were constructed. In [8] the assertion that 
the group Gk does not have normal subgroups of odd index (/ 1) is proved. Examples 
of normal subgroups of infinite index are constructed in (isl. In [l2l the structure of 
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partitioning of the group Gk into adjacent classes w.r.t. a normal subgroup of finite 
index was described. 

Anderson model. 

The Anderson Hamiltonian, H, on the Hilbert space 

£2(r'=) = {^:F^C:^|v.(x)|2<oo} 

x&V 

is the operator of the form H = A + ef , where 

1. The free Laplacian A is defined by 

(Av9)(x)= Y. {^{^)-v{y)). forah ^e^^(r'=), 

y:d{x,y) = l 

with the usual distance d denoting the number of edges in the shortest (only) 
path between sites on the Cayley tree. 

2. The operator v is a random potential, 

{vLp){x) = v{x)ip{x), 

where v = {v{x)}x<=:V is a family of independent, identically distributed real 
random variables with common probability distribution v. The coupling constant 
e measures the disorder. 

The goal is to study spectrum for this operator. The Schrodinger equation reads 

Y, ^{y) = E^{x)-ev{x)^{x). (2.3) 

y&S{x) 

Here (p{x) is the value of the wave function at vertex x, E is the energy of the particle 
(eigenvalue of the operator if), and the sum is over the k + 1 neighbors of the site x. 

3. Periodic wave functions. 

Since the set of vertices V has the group representation Gk- Without lost of generality 
we identify V with Gk, i.e., we sometimes replace V with Gk- 



Now give some periodic solutions to (2.3). 



Definition 1. Let K he a subgroup of Gk, k > 1. We say that a functions ip = {^(x) G 
C : X £ Gk} is K-periodic if ip{yx) = ^p{x) for all x £ Gk and y £ K. 
A Gk-periodic function (p is called translation- invariant . 

3.1. The case of finite index. Let Gk/K = {-fCi, ...,Kr} be a factor group, where K 
is a normal subgroup of index r > 1. 

Note that any iT-periodic function ip has the form 

^{x) = ipj, \/xeKj, j = l,...,r. (3.1) 

We note that the functions qj{x) introduced in the previous section are periodic, i.e. 
qj{x) = Qij, for all x G Ki. Assume that v = {v{x)}x£V is iC-periodic, i.e. v{x) = Vj for 
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any x G Kj then from (|2.3l) we get 






{E-evi)Lpi, 1 = 1, 2,. ..,r. 



This system can be written as 



y^ Qij^j - {E - qu - evi)(pi = 0, i = 1, 2, 



(3.2) 



(3.3) 






For a given normal subgroup K of index r > 1 we denote by Dk{E, v, e) the determinant 
of the system (3.3). 



Thus the following is true 

Theorem 1. For given K, e and a K -periodic v there exists a K -periodic wave function 
ip ^ if and only if E is a solution to Dk{E, v, e) = 0. 

Examples. 1) In case K = G^ we have translation invariant wave function, i.e. 
(/?(x) = 93i for all x ^V . In this case Dk{E, v,e) = E — evi — k — 1 = 0. Thus translation 
invariant wave function exists if and only if £■ = evi + /c + 1. 

(2) 

2) Let K = Gj^ be the subgroup in G^ consisting of all words of even length. Clearly, 

(2) 

G^ is a subgroup of index 2. In this case we have Dk{E, v, e) = {E — evi){E — ev2) — 

{k + 1)^ = 0. For any E satisfying this equation there are G^ -periodic wave functions 
having the form 



(/3(x) 



^i, if X G G 



(2) 



^2, 



if xeGk\Gf. 



3) Let k = 2, K = Hq, with Hq = ^{i} n ^{2} = {a: G G2 : w^(ai) — even, u}x{a2) — 
even}, where the number of letters Oj of the word x is denoted by uj^ioi). 

Note that Hq is a normal subgroup of index 4. The group G2/HQ = {Hq, Hi, H2, H3} 
has the following elements: 

Hi = {x £ G2 '■ i^x{cii) — even, U}xia2) — odd} , 

H2 = {x £ G2 ■ i^x{cii) — odd, LOxio-2) — even} , 

H3 = {x £ G2 '■ i^xicLi) — odd, u)xici'2) — odd} . 

In the Fig. pi the partitions of F^ with respect to Hq 

elements of tne class Hi, i = 0,1,2,3 denoted by i. 

In this case -ffo-periodic wave function ip has the form ip{x 

function exists iff E satisfies the following equation 

evo + l-E 1 1 

1 evi + l-E 1 

1 ev2 + l-E 1 

1 1 ev3 + l-E 



DHoiE,v,e) 



Hf^iy n Hf^2} is given. The 



ifi if X £ Hi. Such a 



0. 
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Figure 2. Partition of F^ by subgroup Hq of index 4. 

3.2. The case of infinite index. We consider a normal subgroup T-Lq of infinite index 
constructed as in previous section witli M = {1,2}. The factor group has the following 
form 

Gk/V.0 = {'Ho,'Hoiai),no{a2),'Ho{aia2), . . .}, 

where Tioill) = {x £ Gk '■ fhi^x) = y}. We introduce the notations 

V.n = 'Hoiaia2..-), Ti-n = 'Ho{a2ai ■ ■ ■)■ 



In this notation, the factor group can be represented as 

Gk/no = {..., n-2,n-i,no,ni,n2,...}. 

The partition of the Cayley tree F^ w.r.t. Tio is shown in Fig. ^ (the elements of the 
class Tii, i G Z, are merely denoted by i). 

Any ?^o-periodic wave function has the form: 

ip{x) = ifn if a; G T-Ln, n £ Z. 
We note that (see [M]) ii x £ %„. then S{x) C 1-Ln-i U %n U T-Ln+i- Moreover 

\s{x)r\nn-i\ = i, \s{x)r^nn\ = k-l, \s{x)r^nn+l\ = l■ 
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Figure 3. The partition of the Cayley tree F^ w.r.t. T-Lq, the elements 
of the class Hi, i G Z, are denoted by i. 



Assume that v is ?^o-periodic, i.e. v{x) = Vn for any x £ Tin- Then from equation 

(3.4) 



([2^ we get (see Fig. [3]) 

{E - €Vn)Vn = ^n-1 + {k - !)(/?„ + (fn+l, 

where n G Z. 

For simplicity we assume that w„ = vq, i.e. v is translation invariant. Then equation 



(3.4) has the following general solution 

^n = ClXi + C2A2 , 

where Ai,A2 are solution to equation 

X"^ + {k - 1 + evo - E)X + 1 = 0. 
Thus we have proved the following 

Theorem 2. ForT-Lo, given e and translation invariant v there exists a Tio-periodic wave 
function ip, such that ip{x) = CiA" + C2X2 for any x € T-Ln, n £ Z. 
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